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I. INTRODUCTION
This study proposes a stochastic debt forecasting framework that identifies and estimates the impact of feedback between fiscal policy and macroeconomic projections -effects which are largely absent from current debt forecasting algorithms. In such algorithms, a distribution of fiscal and debt forecasts is projected by combining simulated macroeconomic scenarios, a fiscal policy reaction function, and a debt motion equation. In the proposed framework, fiscal projections reflect contemporaneous macroeconomic shocks through automatic stabilizers, and also reflect discretionary fiscal policy shocks. In addition, forecasts of macroeconomic fundamentals are driven by lagged primary balances, reflecting lags in recognition, implementation, transmission, and legislative uncertainty of fiscal policy. Finally, the proposed framework's measures of uncertainty reflect the stochastic properties of the estimated parameters employed in forecasting, and are robust to structural changes and non-normally distributed shocks. Hence, debt projections result from macroeconomic aggregates and fiscal primary balances that are jointly forecast from a data generating process that depends on fiscal policy, macroeconomic shocks, and uncertainty over estimated parameters.
Prior studies-which exclude either the contemporaneous impact of macroeconomic shocks on the fiscal balance or the lagged effect of the fiscal balance on macroeconomic projections, or both -project fiscal policy in three broad ways. A first strand of the literature yields passive debt projections based on an agnostic view of fiscal policy -either some rule or a fixed primary balance with shocks.
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A second strand models the primary balance as a function of past values of itself and other macroeconomic variables in a standard vector autoregression. Under this approach, the primary balance reflects past macroeconomic conditions, but not contemporaneous macroeconomic shocks.
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A third strand models the fiscal position as a (non-linear) function of contemporaneous and past macroeconomic variables, but there is no channel for fiscal outcomes to feed back into macroeconomic forecasts. 4 The framework proposed here combines parts of the second and third approach in an empirical framework where macroeconomic shocks affect the fiscal balance contemporaneously, which in turn affects macroeconomic projections. Hence, this framework reflects both the contemporaneous correlation between macroeconomic shocks and the primary fiscal balance and the impact of the primary balance on macroeconomic projections.
Stochastic debt forecasts are closely related to various strands of the literature on monetary policy rules and inflation forecast targeting, such as in Svensson (1991) . The fan charts of inflation forecasts produced by central banks as part of inflation targeting regimes strongly influenced debt sustainability fan charts that result from stochastic debt forecasts. The assumptions identifying structural fiscal shocks employed here are similar to prior work in monetary policy that employs structural vector autoregressions to identify shocks. In monetary policy, for example, Bernanke and Blinder (1992) and Bernanke and Mihov (1998) impose 2 For example, Ferrucci and Penalver (2003) , Tanner and Samake (2008) and Frank and Ley (2009) . 3 For example, Garcia and Rigobón (2005) and Penalver and Thwaites (2006) . 4 For example Celasun, Debreu and Ostry (2006) , Di Bella (2008) and Hajdenberg and Romeu (2010) . structure on the (monetary) policy reaction function to identify the monetary stance while simulating the rest of the macroeconomy with a VAR. Similarly, the framework proposed here imposes structure on the fiscal policy reaction function which allows the fiscal primary balance to be decomposed into structural and cyclical factors. These different factors then help drive the simulations of macroeconomic aggregates and the debt motion equation, yielding a distribution of future debt outcomes that can be presented in a fan chart.
Prior work that seeks to identify the impact of discretionary fiscal policy changes on the economy also influences the framework proposed here. 5 These studies attempt to separate structural fiscal shocks from automatic stabilizers and measurement or other shocks through a "semi-structural" VAR. In such a VAR, non-policy macroeconomic variables are generally unrestricted. Structural changes in fiscal policy are identified either through indicator variables based on narrative records or through identifying assumptions regarding policy transmission lags. The framework proposed here identifies structural fiscal policy shocks through assumptions regarding policy transmission lags. Specifically, changes in the structural fiscal balance are assumed to impact macroeconomic aggregates only with a lag. In prior work, identification based on either the narrative record or timing assumptions has been employed largely to assess the effectiveness of countercyclical policy, particularly for the United States. To our knowledge, this type of identification of fiscal policy shocks has rarely been employed to assess debt sustainability and the impact of discretionary fiscal policy in emerging markets.
In addition, the proposed framework builds on prior work that both reduces and more accurately depicts the uncertainty surrounding debt forecasts. As in Litterman (1983) and Hajdenberg and Romeu (2010) , forecast uncertainty in this study reflects the uncertainty stemming from parameter estimates. Hence, at each step of the forecasting algorithm, macroeconomic aggregates and the primary balance are projected from a draw of the distribution of the estimated parameters, rather than the estimates themselves. Also, restrictions imposed on the forecasting of the macroeconomic fundamentals reduce noise in the projections and parameter estimate uncertainty is incorporated in to the forecast, similar to Tanner and Samake (2008) . 6 As in Frank and Ley (2009) , the proposed framework does not assume normally distributed shocks and addresses the potential for structural breaks.
The literature routinely turns to Brazil as a case study for debt forecasting and management, and for comparability, the framework presented is tested on these data as well.
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Some studies, however, rely on quarterly or monthly data to estimate the impact of fiscal policy on debt sustainability. One potential difficulty with this is that a country's fiscal stance is usually reviewed less frequently since substantive changes in revenue or expenditure policy require 5 For example, Ramey and Shapiro (1998) , Blanchard and Perotti (2002) , Romer and Romer (2004) , Ramey (2006) , Romer and Romer (2009) , among others. 6 For example, that study uses a "near VAR" to project oil prices independently of country fundamentals. 7 For example, Goldfajn (1998) , Issler and Lima (1998) , Goretti (2005) , Goldstein (2003) , Tanner and Ramos (2003) , Giavazzi and Missale (2004) , Garcia and Rigobón (2005) , Celasun, Debreu and Ostry (2006) , Penalver and Thwaites (2006) , Tanner and Samake (2008) , and Frank and Ley (2009). legislative review as part of the annual budget planning exercise. Data at monthly or quarterly frequencies may also mask changing economic conditions because of seasonality or other measurement error that could present further difficulties in interpreting results. While for the country studied here (Brazil) a long quarterly historical time series is not available, for comparison with prior studies, the existing quarterly data is used. Nevertheless, as in Issler and Lima (1998) and Hajdenberg and Romeu (2010) , a long-term (45 year) data set is constructed for the system estimation.
Estimations of the proposed framework yield empirical results in three areas. First, the proposed framework is compared to prior estimations that exclude feedback from fiscal policy to macroeconomic fundamentals. The mean and the variance of final projection year debt distribution are found to be (statistically) significantly different. The baseline debt forecast projects a modest decline in debt over the next five years, however, it omits significant secondround effects from policy decisions identified by the proposed framework. Estimations of the debt to GDP ratio could decline by between 10-15 percent more than projected in the baseline.
Second, estimations of the proposed framework test two channels through which fiscal policy feeds back into the economy: through the real interest rate and GDP growth (jointly), and through the real domestic interest rate. All else equal, a one percent of GDP increase in the primary balance in a given year is found to reduce economic growth in the following year onesixth of a percent, though tests fail to reject that this effect is zero. Hence, this evidence does not support the effectiveness of fiscal policy as a means to spur or slow growth in the short run. A stronger and statistically significant effect is found for the domestic interest rate, where the analogous one percent of GDP increase in the primary balance reduces real domestic interest rates by two percentage points in the following year. This result is robust, consistent with estimates in other studies, and is to some extent expected given the high growth and real interest rates declines observed in recent years in Brazil. 8 Moreover, the results are consistent with evidence from the United States of a stronger impact of fiscal policy on long-term interest rates than on short-term growth. Nevertheless, important caveats apply in that it remains a challenge to disentangle the impact of tighter fiscal policy on domestic real interest rates from, for example, the impact of institutional improvements or financial liberalization. For example, restrictions on the capital account and other financial constraints that could be reflected in historically high domestic real interest rates may have been part of an endogenous institutional policy response to an overwhelming fiscal problem. For example, Reinhart and Rogoff (2008) argue that financial repression of this nature was the main adjustment mechanism employed by advanced economies to lower debt after the Second World War, for example, through Regulation Q in the United States.
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This result suggests that improvements in the structural fiscal balance may have important second-round institutional effects; however, empirically confirming and measuring these are beyond the scope of this study.
Finally, the results suggest that the dynamics of the debt forecast depend on whether fiscal policy impacts predominantly GDP growth or the real domestic interest rate. That is, debt forecasts based on the two channels for fiscal policy feedback (to either real domestic interest rates or GDP growth) are found to be statistically significantly different. At the start of the forecasting period, both exercises depart from a relatively low primary balance and an increasing debt level (both variables appear lagged in the first year of the projection period), alongside a negative output gap from the global financial crisis which is quickly closed in the first year. In the simulation with fiscal policy feedback to domestic real interest rates, the debt-to-GDP ratio initially declines slowly, but then falls much faster in the medium term-to nearly 50 percent of GDP (from approximately 65 percent), as the lower initial primary balance increases borrowing costs. Hence, despite a higher primary balance (due to both the economic recovery and the need to service higher debt) and higher growth in the first projection year, debt does not initially decline as quickly because higher borrowing costs absorb the higher primary balance. Nevertheless, the higher primary balance in the first year lowers domestic real interest rates for the rest of the projection period, and a virtuous cycle of falling debt and falling primary balances is unleashed. In model where the primary balance feeds back primarily into real GDP growth, a lower primary at the outset increases GDP growth in first year and hence the debt to GDP ratio initially declines. Nevertheless, to the extent that there is no mechanism for lowering real borrowing costs, further debt reduction is limited. As the primary balance returns to its pre-crisis levels, the forecast resumes a slow but steady debt reduction path.
The estimations provide evidence supporting important feedback effects from fiscal policy to real domestic borrowing costs and GDP growth in a country such as Brazil. Moreover, the forecasts presented suggests that structural fiscal consolidation could have a significant impact on the debt level in Brazil primarily through lower real interest rates, with the median debt forecast declining by approximately 10-15 percent of GDP from present levels in the projection period.
More broadly, stochastic forecasts provide a systematic approach to making fiscal policy decisions and help shape expectations of medium-term debt outcomes. In the case of forecasts based on fiscal rules, projected declines in debt may lend support to the policy commitment, thereby helping to isolate decision-making from short-term political pressures.
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The problem of 10 In addition to its direct impact on domestic real interest rates, an improved fiscal balance may have important second-round effects on these borrowing costs by allowing policy makers to relax some of the financial restrictions historically implemented in response to deteriorating conditions and arising in the wake of fiscal crises. Finding an instrument to identify these effects is beyond the scope of this study.
omitting automatic stabilizers or the transmission of fiscal policy to macroeconomic fundamentals in existing forecasting algorithms ultimately leads to misspecified dynamics. In such cases, policy decisions made during the forecast periods will diverge from the path of fiscal policy initially assumed in the forecast. Currently, institutions employ stochastic forecasting frameworks for inflation or budgets that account for the endogeneity of policy decisions and parameter estimate uncertainty to varying degrees; examples include the IMF, the Bank of England, the Norges Bank, the Riksbank, and the United States Congressional Budget Office, United States Social Security Administration Office of Policy, and the UK Treasury, among others. For example, the Bank of England describes its estimated probability distribution function at any period as a mixture of past forecast errors and subjective assessment.
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The US Congressional Budget Office adopts a similar strategy in basing the published probability distribution of its fiscal policy forecasts on the historical distribution of past forecast errors. While it adjusts for the business cycle and structural changes (tax legislation), the impact of these changes appears largely assumption-driven rather than endogenously determined.
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The estimations presented suggest that endogenizing policy explicitly in the projection of macroeconomic aggregates introduces statistically and economically significant directional changes in both the median forecast and its dispersion measures. Hence, failing to account for these effects could understate potential gains from a virtuous feedback cycle from fiscal policy decisions as well as the risks from lax policies.
The next section compares the framework proposed in this study with the structural VAR approach of Blanchard and Perotti (2002, and with two representative stochastic debt forecasting frameworks, Garcia and Rigobón (2005) and Hajdenberg and Romeu (2010) . Section III lays out the building blocks of the baseline stochastic debt forecasting framework based on Hajdenberg and Romeu (2010) and estimates a comparator stochastic debt forecast. Section IV then introduces into the baseline framework feedback channels from policy variables to macroeconomic aggregates, estimates it, and compares its debt forecasts to the baseline. Section V concludes.
II. IDENTIFYING POLICY TRANSMISSION: A COMPARISON TO PRIOR WORK
This section shows the fiscal policy transmission identification used to forecast debt in this study and relates it to similar prior monetary and fiscal policy studies. The proposed framework is compared to the SVAR of Blanchard and Perotti (2002) and others used to identify fiscal transmission mechanisms as well as two representative approaches to stochastic debt forecasting, Hajdenberg and Romeu (2010) and Garcia and Rigobón (2005) . Bernanke and Blinder (1992) , Bernanke and Milov (1995) , and Blanchard and Perotti (2002) , identify the effects of dynamic policy shocks through a "semi-structural VAR." Suppose an economy with a structure that follows: 
Fiscal policy feedback into macroeconomic forecasts
In equation (1.3), macroeconomic fundamentals depend on one period lagged values of themselves and the fiscal primary balance. The next section develops (1.4), the primary fiscal reaction function, which depends on the lagged debt to GDP ratio ( 1 t debt  ), the output gap ( t gap ), and the change in the real exchange rate ( xr ). These three components follow Taylor (2000) and Di Bella, Phillips and Valdés (2011) in identifying the structural, cyclical, and commodity revenue components of the fiscal reaction, respectively. Hence, the error in (1.4) is interpreted as a structural fiscal policy shock. The contemporaneous macroeconomic errors (1.3) , given by 1t  , appear in the fiscal primary balance through the output gap and the change in the real exchange rate. Thus, the primary fiscal balance reflects contemporaneous macroeconomic conditions (i.e. 1t  impacts t y ) but macroeconomic aggregates reflect structural fiscal policy shocks only with a lag (i.e. 2t
 will only impact 1 t X  ). This assumption, common to Bernanke and Minov (1995) , Blanchard and Perotti (2002) , Perotti (2007) , among others, the system is identified, and 12  can be interpreted as the macroeconomic impact of a structural policy shock. Nevertheless, Ramey (2006) , among others, argues that fiscal shocks potentially could be contemporaneously correlated with macroeconomic shocks insofar as policy outcomes are anticipated. Such anticipation effects would undermine identification here, but Romer and Romer (2010) reject these effects for the US economy. In the framework proposed here, structural policy decisions are assumed to be sufficiently uncertain and delayed so as to allow identification (due to, for example, uncertainty regarding specifics of legislation or recognition, implementation, and transmission lags).
Structural VAR and fiscal policy transmission
Studies of fiscal policy transmission such as Blanchard and Perotti (2002) propose estimating the following system:
In (1.5), t X is a vector consisting of government taxes (t) and primary expenditure (g), as well as output growth (y). This approach does not model the primary balance but rather includes the revenue and expenditure policy variables directly in the VAR. The relation between the structural shocks ( t U ) and the reduced form residuals are given by: u to be adjusted for the cycle, and identifying c 1 and c 2 . Finally, that study assumes alternatively that either spending reacts to tax shocks or vice versa to identify a 2 and b 2 . The main difference with this study is in the linear form of the fiscal reaction function, given by (1.8).
Including output growth rather than the output gap in predicting the fiscal reaction implies relying on institutional information about tax and expenditure, both for the elasticity of tax base to output changes, and the elasticity of the tax base to GDP. Whatever the validity of these calculations, they are imposed from outside of the system estimation and hence, there is limited information regarding the uncertainty of these estimates, or how any errors in the calculations are biasing other errors in the forecasting exercise. This linear fiscal reaction function also lacks the non-linear presence of lagged debt, which Hajdenberg and Romeu (2010) and Favero and Giavazzi (2009) find to be important drivers of fiscal policy, and hence could affect the estimates of the error term y t e , interpreted to be the structural policy shock in the debt forecasts.
Stochastic Debt Forecasting Frameworks

Fiscal policy passively reacting to macroeconomic conditions
Unlike Blanchard and Perotti (2002) studies such as Hajdenberg and Romeu (2010) project debt based on a fiscal reaction function that responds to macroeconomic developments but lacks feedback from fiscal policy to macroeconomic forecasts. For simplicity, suppose that GDP is the only non-policy economic aggregate in the economy, and that the fiscal balance depends linearly on output growth (rather than the fiscal reaction functional actually used, given in equation (1.4) ). The Hajdenberg and Romeu (2010) 
Hence, declining GDP lowers the primary balance contemporaneously, but there is no impact of a primary balance shock to GDP growth. Equation (1.9) can be simplified to structural form: 
Not factoring policy outcomes into macroeconomic forecasts could quickly lead to inconsistent results if, for example, fiscal policy is effective in stabilizing the macro economy. Romer and Romer (1994) show that for the United States, automatic stabilizers are important immediate drivers of output recoveries, and for Brazil, the case studied here, de Mello and Moccero (2006) show the elasticity of the primary balance to the output gap to be comparable to OECD countries. This study extends the system in (1.10) to capture feedback from fiscal policy to output and measure the impact of allowing such a feedback channel on debt sustainability.
Fiscal policy reflecting lagged macroeconomic developments
Continuing with the previous example, frameworks such as Garcia and Rigobón (2005) would estimate debt using a vector autoregression of the form: 
The system in (1.11) does not identify the contemporaneous impact of macroeconomic shocks on the primary balance. Including the primary balance in the VAR implies that there is no fiscal reaction function to decompose the fiscal balance in to cyclical and structural components, as in Hajdenberg and Romeu (2010) . Nor is the error term on the primary balance equation decomposed into the structural or cyclical components, as in Blanchard and Perotti (2002) . Hence, from (1.10), 2t  will include the impact of both 31 1t   , which would reflect automatic stabilizers, and 2t  , which could be interpreted as the structural, measurement, or some other orthogonal fiscal shocks.
III. BASELINE ESTIMATION AND COMPARISON AGAINST NO FISCAL POLICY FEEDBACK
This section develops and estimates the proposed framework, which extends a basic stochastic debt forecasting algorithm to capture feedback from fiscal policy in its macroeconomic projections. The framework consists of three blocks. The first block models the primary balance as a function of past debt to GDP ratio as well as to other economic fundamentals. This fiscal reaction function is estimated from a forty-five year sample of data to produce the distribution of the fiscal reaction function parameters. In simulating future primary balances, a realization of macroeconomic fundamentals is combined with a draw from the distribution of estimated fiscal reaction function coefficients and a draw of historical fiscal shocks. The second block models economic fundamentals using a restricted vector auto regression. Future economic scenarios are simulated by combining the values of lagged macroeconomic fundamentals with a draw from the distribution of the estimated VAR coefficients as well as a draw of economic shocks. Thousands of these scenarios are simulated and then fed into the first block to produce thousands of corresponding fiscal balances. The last block consists of a debt motion equation. It links the first two blocks, incorporating uncertainty from the distribution of both shocks and the estimated parameters in forecasting debt.
A. Fiscal Reaction Function
Estimating the fiscal policy reaction based on historical data must overcome limitations on data availability as well as potential parameter instability over time. The ability to overcome data limitations is straightforward -sources must be found that can be used to piece together a historical record of a given country's fiscal performance. Figure 1 graphs the historical data set constructed in this study, which is based on annual data for Brazil spanning five decades (sources are documented in the data appendix). Given these data, the question arises as to the comparability of both historical shocks with the distribution of future shocks, and their impact on policy outcomes. Insofar as these potential difficulties are addressed below, these long historical data overcome interpretation difficulties in studies employing multi-country panel estimates to project policy in one country.
The primary balance (denoted pb) is estimated as a function of the debt to GDP ratio (denoted debt), the annual growth rate in real effective exchange rate (denoted xr and defined such that the larger value implies depreciation of domestic currency), and the GDP gap (denoted gap and defined as deviation from hp-filtered trend),
As in Tanner and Samake (2008) , indicator variables are included to control for two important measurement changes in the data recorded during the estimation period 1965-2009. The first indicator variable is unity from 1965-84 to control for the use of estimated primary balances rather than direct measures. The primary balance is estimated from revenue, expenditure and debt service data, and may be subject to a litany of measurement errors and other issues related to the economic events during that period.
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The left panel of Figure 2 shows the primary balance from 1965-2009 (in percent of GDP, right scale). The gray bars indicate the period in which it is estimated rather than taken from official sources. The right panel of Figure 2 shows the debt to GDP ratio from . During this period, varying forms of debt restructuring and exceptional financing were reported in these data. At these times, the fiscal reaction to the debt level may differ from periods when changes in the debt are driven largely by the evolution of macroeconomic variables. As a result, an indicator variable is included to control for these periods. The indicator is unity when the data record a restructuring amount or positive exceptional financing. This dummy is included by itself, and is also interacted with the debt, inflation and the output gap, as these are found to have a statistically significantly different effect on the fiscal reaction during restructuring periods.
Hence, the fiscal reaction function controlling for these changes in measures and debt restructurings is:
where dum is a dummy variable for the period of debt restructuring, and dum2 indicates the period of discontinuity in primary balance series. Note that the dummies reflect only recorded measurement changes and not normative judgments. For example, the indicator graphed against the primary balance in Figure 2 allows estimation during the entire sample while controlling for potential measurement issues during high inflation periods. Table 1 gives summary statistics for the explanatory macroeconomic variables in the fiscal reaction function by decade and for the entire sample. An inverse relationship between the real interest rate and both output growth and the primary balance is observed. The table also shows decades of negative real interest rates followed by two decades of high real interest rates and high inflation rates. Equation (1.13) is estimated in Table 2 via ordinary least squares, instrumental variable regression (for potentially endogenous output gap), and GMM estimation. The estimated coefficients are significant at all conventional levels and measures of the goodness of fit are high. The positive and significantly estimated coefficient on lagged debt is consistent with evidence of fiscal adjustment driven by increasing debt to GDP rations found for the United States.
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The results also identify two reactions to debt restructuring periods. First, the fiscal reaction to debt is much weaker and is consistent with employing restructuring, exceptional financing, and other unconventional policies because of potential fiscal difficulties. Second, inflation appears to improve the primary balance during periods of restructuring, perhaps reflecting potential shortrun fiscal benefits from the inflation tax.
The fit of the estimated OLS and instrumental variable equations is graphed in Figure 3 (lower left and right panels, respectively) and alongside the primary balance and debt levels (upper left and right panels). The fitted model closely tracks the actual measures of fiscal performance. While breaks could be present in these data, the evidence suggests that the proposed empirical specification captures these potential changes. The model residuals are tested and are not found to have structural breaks.
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In addition, no evidence is found of unit roots, autocorrelation in the residuals, or endogeneity of the output gap. Figure 4 shows a rolling OLS regression on fifteen, twenty-five, and thirty-five year windows of data for the fiscal reaction function (equation (1.13) ). The dashed line shows the full-sample point estimate, while the dark solid line and shaded area shows the rolling regression point estimate and ninety-five percent confidence interval, respectively. The full sample estimated coefficient remains within the confidence interval for most of the sample for all three determinants of fiscal policy used in the debt projection. Moreover, they appear stable for most of the period. Hence, the high goodness of fit, the lack of structural breaks, and broadly stable rolling estimates that fail to reject the null of equality with the full sample estimate for most of the period are jointly taken as evidence that the historical estimate of the fiscal reaction overcomes the aforementioned data and robustness difficulties.
B. Estimation of the Fundamental Macroeconomic Variables
The second block of the algorithm requires vector auto regression estimates of the macroeconomy to generate future potential debt scenarios. As data for past economic fundamentals are available at quarterly frequency, a VAR (1) Where ius is US real interest rate (10 year government bond yield deflated by GDP deflator), ibra is Brazil real interest rate (money market rate deflated by CPI), gdp is real GDP growth, and xr is growth rate of real effective exchange rate. Table 4 shows the restricted VAR estimation using seemingly unrelated least squares. Forecasting macroeconomic fundamentals based on equations (1.18) through (1.21) minimizes the propagation of shocks through non-sensible channels and imprecise estimates. For example, a shock to GDP growth in Brazil would not be transmitted into US interest rates, as in (1.14) through (1.17). Moreover, accounting for parameter uncertainty only worsens this problem, as the confidence interval is likely to be large. Hence, the proposed framework projects the macroeconomy based on the more parsimonious model.
C. A Baseline Debt to GDP Forecast
As in prior work, the debt to GDP ratio evolves according to the following motion equation: 1.18) through (1.21) ). The last term (∆assets) captures debt issuance by the authorities to offset asset accumulation at the central bank. This type of asset accumulation is a recent feature in some emerging markets but not an important driver of debt over the longer sample, and is operationalized here by assuming that a ten percent real appreciation increases the debt by one percent of GDP.
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19 Issuing debt to offset reserve and other asset accumulation is a recent phenomenon, since approximately 2005, and as the authorities' strategy for intervention is not public, a stylized rule is used here (without loss of generality to the reported simulations). For example, from 2005-09 Brazil accumulated roughly US$185 billion in central bank reserves, while observing a nearly sixty percent cumulative appreciation in the real effective exchange rate, and (continued…) Figure 5 estimates the baseline model, including the restricted VAR and no feedback from fiscal policy to macroeconomic aggregates. The figure separately shows forecast variability originating from estimated coefficients (bottom left panel) and error terms (upper left panel). In the top-left panel, only the simulated errors are added while all the coefficients are set to point estimate values (mean of estimated distributions). In the bottom-left panel, the simulated coefficients are used while error terms are set to zero. The full uncertainty debt is forecast shown in the upper right panel. It results from simulating economic fundamentals each forecasting period and drawing coefficients from the fiscal reaction function and VAR independently from their estimated normal distributions. Errors are similarly drawn from the normal distribution with estimated covariance matrices, i.e., the estimated variance of ν in the fiscal reaction function (equation (1.13) ) and the estimated variance-covariance matrix of ε=[ε 1 , ε 2 , ε 3 , ε 4 ]' in VAR, (equations (1.18) -(1.21)).
20
This conventional debt simulation model, which excludes feedback from fiscal policy, suggests a broadly stable median debt forecast during the projection period.
IV. DEBT FORECASTS INCLUDING FEEDBACK FROM PRIMARY FISCAL BALANCE
This section extends the forecasting algorithm outlined above to include feedback from fiscal policy to macroeconomic aggregates. Hence, the prior year primary balance is used in projecting output growth and the domestic real interest rate, which are jointly estimated with the fiscal reaction function. Evidence is found supporting the existence of this feedback channel, and in particular, the real domestic interest rate is found to decline in response to higher primary balances. The results show debt declines faster relative to prior debt forecasting algorithms because higher primary balances lower real government borrowing rates. This suggests that excluding feedback from fiscal policy could, for example, underestimate debt declines in forecasts of countries with a "virtuous cycle."
Estimation proceeds with the inclusion of lagged primary balance in either output growth or the real domestic interest rate forecasting equations. As above, this section rules out the potential for Brazilian fiscal policy to impact US real interest rates, and no evidence is found supporting a short-term impact on the real exchange rate.
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The box labeled equation system (1.23) shows the dynamic feedback, where the macroeconomic forecasting system (analogous to (1.18) through (1.21)) modified for the fiscal impact and jointly estimated with the fiscal reaction function. Equation (1.22), the debt motion equation, is imposed on the system as an identity alongside the evolution of the output gap.
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Long-term growth (ltg in system (1.23)), which is necessary to calculate the output gap, is operationalized by estimating the average change in Hodrick-Prescott smoothed real output growth over the past twenty years.
increasing its central bank claims on the central government by approximately 1 percent of GDP per year (unevenly, with greater accumulation of debt and reserves in recent years and more appreciation earlier on). 20 In section 3, both normality and Bootstrapping are used to calculate the forecast errors. 21 Estimates presented are robust to including both a fiscal feedback to the real exchange rate equation in system (1.23), and a squared lagged real exchange rate term. 22 Garcia and Rigobón (2005) allow the debt evolution to include surprises in the debt level. In this framework, including a shock in (1.22) could capture such debt surprises, which would reflect the chosen shock distribution. Such that (1.22), and:
GDP t = GDP t-1 *(1+ gdp t ) .
GDP_HP t = GDP_HP t-1 *(1+ ltg)
.
System Estimation with Endogenous Fiscal Policy (1.23) Table 4 . The use of annual data synchronizes changes in the macro and fiscal variables driving the estimation. While quarterly data allows for more observations and may reasonably capture the evolution of macroeconomic fundamentals, it is not as useful in capturing the impact of fiscal policy which is generally not reviewed at the quarterly frequency (at least structural fiscal measures). Its impact also takes more than one-quarter to be reflected in aggregate data. Finally, data constraints limit the use of lags. Nevertheless, comparing the estimated coefficients on the macroeconomic variables in Table 5 (based on annual data) with Table 4 (based on quarterly data), the real foreign and domestic interest rates are consistent across estimation methods, and suggest that higher real rates are associated with increased output growth, perhaps reflecting fiscal crowding out. Moreover, higher output growth appreciates the domestic currency (a negative growth rate of the REER), perhaps reflecting capital inflows during boom periods. Table 5 suggests that higher lagged primary balances imply lower domestic real rates in the following year. This result (p-value of 0.01) supports the notion that fiscal consolidation lowers domestic borrowing costs. The estimate of approximately 2 is high -it implies that an increase in the primary balance of one percent (from an "average" primary balance) lowers real domestic interest rates by 2 percentage points the following year (e.g. borrowing costs decline from 16 percent to 14 percent real interest). While there are important caveats suggesting an upward bias in this estimate, there is also robust evidence supporting it.
Feedback from Fiscal Policy to Real Domestic Interest Rates
To get a feel for this effect, Figure 7 shows scatter plots of the two-year moving average of the primary balance against the real interest rate by decade. Every decade since the 1960s shows a negative slope except for the 1980s and 1990s -periods associated with bouts of hyperinflation and economic volatility. The result visible within each decade is also evident from Table 1 for the last three decades. Large changes in the average real domestic interest rate from the 1980s until 2009 are inversely related to changes in the average primary balance. Of course, the interest rates changes in each decade likely also reflect institutional changes, for example financial liberalization, or disinflation. Nonetheless, one could argue that institutional changes are no less endogenous than the primary balance, and it is difficult to imagine that resorting to capital account restrictions or an inflation tax is not related to fiscal difficulties reflected in lower primary balances, higher risk premiums, and higher domestic real interest rates. Moreover, Reinhart and Rogoff (2008) show that historically, advanced economies have responded to elevated debt levels by instituting financial repression in order to lower their real borrowing costs.
Further evidence is presented in Table 6 , which shows bilateral regressions of the real domestic interest rates on the lagged primary balance using different estimation methods and functional forms, as well as the full sample and a shorter more recent period, 1996-2009. In the most recent period, the estimated coefficient of approximately -2 on the primary, while statistically insignificant in some cases, supports the inverse relationship found above. Hence, this evidence, alongside the estimated system of equations suggests that Brazilian fiscal policy can lower domestic real rates. Nevertheless, caveats remain relating to potential upward biased estimates from institutional and other changes that are difficult to disentangle from the primary balance.
The debt projection depicted in Figure 8 results from a five-year simulation of the system given in equation (1.23), and can be compared to Figure 5 , which shows the analogous debt projection with no fiscal policy feedback. Including feedback from fiscal policy to macroeconomic fundamentals induces a faster decline in the median debt level as compared with the forecast that excludes fiscal policy feedback. Table 7 compares measures of dispersion for the three forecasts. By 2013, the median debt level has fallen to between 50 and 55 percent of GDP in Figure 8 , whereas without feedback the debt increases slightly, to approximately 70 percent of GDP in Figure 5 . Figure 9 forecasts the macroeconomic fundamentals driving the debt forecast, with lagged fiscal policy impacting the real domestic interest rate.
 In 2009, the primary balance declines and debt-to-GDP increases reflecting the impact of the global economy.  The model anticipates an increase in the primary balance in 2010 because of both the need to finance higher debt and a projected economic recovery closing the output gap.  The effect of a lower primary in 2009, however, feeds back into higher domestic real interest rates in 2010, increasing debt servicing costs, so that the improvement in the primary balance does not lower the debt-to-GDP ratio in that year.  The higher primary in 2010 then lowers the real interest rate in 2011, thereby lowering the debt service, and allowing for a virtuous cycle of lower primary and lower debt levels.  As the debt level declines and the primary balance falls towards the end of the five-year projection period, the real interest rate increases.
Two effects are observed in the forecast; first, the primary balance responds to the (lagged) changes in the debt level, which in turn is driven by both economic shocks and debt servicing costs. Secondly, changes in the primary drive the following year real domestic interest rates. Hence, an improvement in the fiscal position in 2010 to levels consistent with the historical performance predicted by the fiscal reaction function would unchain a virtuous cycle of debt reduction. Based on the fiscal reaction function, the small increase in debt in 2009 and the recovering economy would both tend to produce a higher primary balance in 2010. This implies lower real domestic interest rates in the medium term, lower the debt, and lower future primary balances.
Feedback from Fiscal Policy to Real Output Growth
The left panel of Table 5 suggest that higher lagged primary balances imply both lower real domestic borrowing costs and lower real GDP growth in the following year -a one percent increase in the primary balance lowers growth by about one-sixth of a percent (though insignificantly different from zero. Figure 10 shows the simulated macroeconomic and debt forecast based on this scenario, where fiscal policy feeds back to real GDP and real domestic borrowing costs with a lag:
 Similar to the prior simulation, as the economy absorbs the shock of the global financial crisis in 2009, the primary balance declines and the debt increases slightly;  The (countercyclical) decline in the primary balance increases GDP growth in the following year. Hence, output growth is higher in 2010 as compared to the prior model (of feedback through real domestic interest rates);  Given stronger GDP growth in 2010 alongside higher debt in 2009, a higher primary balance is projected for 2010 (debt in 2009 is observed for both models) relative to the prior model (which assumes feedback only to the real interest rate from lagged fiscal policy).
V. CONCLUSION
This paper presents a framework for simulating a distribution of debt-to-GDP ratios reflecting uncertainty from country-specific (potentially non-normal) future economic shocks, structural and cyclical fiscal policy changes, and parameter estimate uncertainty.
Incorporating fiscal policy feedback into the macroeconomic projections driving the fiscal and debt simulation ensures that debt forecasts reflect both the direct impact of the primary balance on paying down the debt, as well as its indirect impact through macroeconomic fundamentals such as GDP. Hence, this framework yields debt forecasts based on projections of domestic borrowing costs or output growth, that in turn are affected by changes in the primary balance. Prior methodologies that exclude the impact of contemporaneous macroeconomic shocks or that exclude feedback from fiscal policy to forecasts of macroeconomic fundamentals are likely to have predictable forecast errors.
The distribution of debt-to-GDP ratio produced by this framework also reflects an array of uncertainty present in any forecasting framework. The study employs a data set spanning five decades so that the sample of shocks from which simulation errors are drawn is ergodic. The estimated distributions of shocks and parameters are not assumed to be necessarily normally distributed. The equations predicting the fiscal reaction to macroeconomic realizations are checked for robustness to structural breaks. The forecast incorporates the stochastic distribution of the estimated parameters to project variables; i.e., the proposed framework incorporates parameter estimate uncertainty into the forecast.
The empirical results suggest that identifying the transmission of fiscal policy to macroeconomic fundamentals can change both the median and dispersion of the projected distribution of the debt-to-GDP ratio. Driving this change are the statistically and economically significant secondround effects of fiscal policy on macroeconomic fundamentals. Specifically, a one-percent higher primary balance in these data is found to lower future real domestic interest rates by approximately two percentage points, which in turn boosts GDP growth and reduces the debt-to-GDP ratio. In comparing debt forecasts with and without these effects, the difference in the forecasted debt decline is roughly 10-15 percent of GDP over a five years projection period for Brazil. Moreover, the channel through which the primary balance affects macroeconomic fundamentals is important. If a lower primary balance today raises growth next year, debt could fall initially but then decline slowly over the medium term, as the debt reduction effects of higher GDP are partially offset by the initial lower primary balance. If a higher primary balance today lowers the real domestic interest rate next year, debt may not decline initially, but the subsequent declining interest rates would bring the debt to GDP ratio lower over the medium term.
The empirical evidence suggests a historical link from primary balances to real domestic interest rates, and thus, a sufficiently high primary balance could bring substantial debt reduction and lower domestic real borrowing costs. More generally, the evidence presented suggests that forecast targeting of key economic aggregates that fail to incorporate feedback from policy decisions to macroeconomic outcomes could ultimately communicate projections containing economically significant directional biases and inaccurate measures of forecast uncertainty. Note: Restricted VAR for simulating macroeconomic aggregates in the debt forecasting. Some coefficients are restricted to be zero in the VAR. Variables included are the U.S. real interest rate, the Brazilian real interest rate, the real GDP growth for Brazil, and the real bilateral U.S. Brazil exchange rate. The left panel shows joint estimates of the restricted VAR and the fiscal reaction function, with fiscal policy feeding back into the real domestic interest rate with a lag. The right panel shows joint estimates of the restricted VAR and the fiscal reaction function, with fiscal policy feeding back into output growth and changes in the real effective exchange rate. Variables included are the U.S. real interest rate, the Brazilian real interest rate, the real GDP growth for Brazil, the real bilateral U.S. Brazil exchange rate, and the public sector primary balance for Brazil. The system also imposes the debt motion equation, the GDP and potential GDP motion equations, the output gap identity equation as constraints in the estimation (not shown). Note: Bilateral regressions of real domestic interest rate (the dependant variable) on its lags, lagged U.S. real interest rates, the lagged primary balance, lagged debt-to-GDP ratio, and an AR(1) error. Two sample periods are used, 1968-2009 and 1996-2009 . Estimation by ordinary least squares and generalized method of moments. Note: The panel depicts the three key estimated parameters of the fiscal reaction: real exchange rate changes (top row, intended to reflect commodity prices, easy external financial conditions, and other exogenous changes), the output gap (intended to reflect automatic stabilizers and other endogenous cyclical changes), and lagged debt (bottom row, intended to capture non-linear budgetary pressures) for Fifteen, twenty-five, and thirty-five year moving window estimation of the fiscal reaction function, annual data, 1965-2009. The shaded are reflects the 90 percent confidence interval for throughout the estimation, and the dashed line reflects the full-sample point estimate employed in the debt simulations. Source: Authors' estimates. Actual 1965 Actual -2009 Actual , forecast 2010 Actual -14, bootstrap errors 1996 Actual -2009 . Forecast of debt-to-GDP ratio from system estimation of the restricted VAR and the fiscal reaction function with feedback from the structural fiscal shocks to non-policy aggregates. The left panel includes fiscal policy feedback to output growth and the real domestic interest rate. The right panel depicts the system with fiscal policy feedback only to the real domestic interest rate. All estimations incorporate parameter estimate uncertainty. 1960s 1970 1971 1972 1973 1974 1975 1976 1977 1978 1979 . Notes: S ystem es t im at i on of t he r es t r ic t ed VAR and the fiscal reaction function, imposing debt motion equation, and incl uding fe e dback from structural fiscal policy shocks to the real domestic interest rate.
Tables
T h e upper pa n el s how s the f or e ca s t debt t o GD P r atio, primary balance, and output gap (left to right). The lower panel s how s output growth, the real domestic interest rate, and the change in th e r eal ex c hange r ate ( left t o r ight ) . Er r or bands reflect bootstrap forecast error and estimated coefficient uncertainty . .7
. 1965-2009, estimated 2010-14 . Bootstrap errors drawn from 1996-2009. Notes: System estimation of the restricted VAR and the fiscal reaction function, imposing debt motion equation, and including feedback from structural fiscal policy shocks to the real domestic interest rate, the real exchange rate growth, and real output growth. The upper panel shows the forecast debt to GDP ratio, primary balance, and output gap (left to right). The lower panel shows output growth, the real domestic interest rate, and the change in the real exchange rate (left to right). Error bands reflect bootstrap forecast error and estimated coefficient uncertainty.
